Abstract. In this article, we construct explicitly certain moonshine type vertex operator algebras generated by a set of Ising vectors I such that (1) for any e = f ∈ I, the subVOA VOA(e, f ) generated by e and f is isomorphic to either U 2B or U 3C ; and (2) the subgroup generated by the corresponding Miyamoto involutions {τ e | e ∈ I} is isomorphic to the Weyl group of a root system of type A n , D n , E 6 , E 7 or E 8 .
Introduction
The study of Ising vectors or simple conformal vectors of central charge 1/2 was initiated by Miyamoto [Mi] . He noticed that one can define certain involutive automorphisms of a VOA by using Ising vectors and the corresponding fusion rules. These automorphisms are often called Miyamoto automorphisms or Miyamoto involutions. When V is the famous Moonshine VOA V ♮ , Miyamoto [Mi2] also showed that there is a 1-1 correspondence between the 2A involutions of the Monster group and Ising vectors in V ♮ (see also [Hö] ).
This correspondence turns out to be very useful for studying some mysterious phenomena of the Monster group and many problems about 2A-involutions of the Monster group can be translated into questions about Ising vectors. In [LYY1, LYY2] , McKay's observation on the affine E 8 -diagram has been studied using Miyamoto involutions. In particular, certain VOAs generated by 2 Ising vectors were constructed explicitly. There are nine cases and they are denoted by U 1A , U 2A , U 2B , U 3A , U 3C , U 4A , U 4B , U 5A , and U 6A because Date: June 3, 2013.
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1 of their connection to the 6-transposition property of the Monster group (cf. [LYY1, Introduction] ), where 1A, 2A, . . . , 6A denote certain conjugacy classes of the Monster (see [ATLAS] ).
In [Sa] , Griess algebras generated by 2 Ising vectors contained in a moonshine type VOA V over R with a positive definite invariant form are classified. There are also nine possible cases, and they correspond exactly to the Griess algebra GU nX of the nine VOAs U nX , for nX ∈ {1A, 2A, 2B, 3A, 3C, 4A, 4B, 5A, 6A}. In addition, he proved that Miyamoto involutions associated to Ising vectors satisfy a 6-transposition property, namely, |τ e τ f | ≤ 6 for any Ising vectors e, f ∈ V.
Motivated by the work of Sakuma [Sa] , Ivanov axiomatized the properties of Ising vectors and introduced the notion of Majorana representations for finite groups in his book [Iv] . In particular, the famous 196884-dimensional Monster Griess algebra constructed by Griess [G] is a Majorana representation of the Monster simple group. Ivanov and his research group also initiated a program on classifying the Majorana representations for various finite groups [Iv2, Iv3, IS, IPSS] . (1) for any e = f ∈ I, the subVOA VOA(e, f ) generated by e and f is isomorphic to either U 2B or U 3C ; and (2) the subgroup generated by the corresponding Miyamoto involutions {τ e | e ∈ I} is isomorphic to the Weyl group of a root system of type A n , D n , E 6 , E 7 or E 8 .
The structures of the corresponding vertex operator algebras and their Griess algebras are also studied. In particular, the central charge of these vertex operator algebras are determined. Our construction in some sense is an E 8 -analogue of [LSa] and [LSY] , in which certain VOAs generated by Ising vectors associated to norm 4 vectors of the lattice
The organization of this article is as follows. In Section 2, we recall the basic notion of lattice VOA and the definitions of Ising vectors and Miyamoto involutions. In particular,
we recall some basic properties of the so-called 2B and 3C-algebras from [LYY1] . We also review the construction of certain Ising vectors in lattice VOA from [DLMN] . In Section 3, we give an explicit construction of a certain VOA generated by Ising vectors such that the subgroup generated by the corresponding Miyamoto involutions is isomorphic to the Weyl group of a root system of type A, D or E. The main idea is to consider a certain integral lattice which has many sublattices isometric to √ 2E 8 . In Section 4, we study the Griess algebra generated by the Ising vectors and determine the central charge of the corresponding VOA. In Section 5, we give a more detailed study for the type A case. In addition, we also give a construction of a VOA such that the subgroup generated by the corresponding Miyamoto involutions has the shape 3 n−2 : S n if n = 0 mod 3 or 3 n−1 : S n if n = 0 mod 3.
Preliminary
Our notation for the lattice vertex operator algebra
associated with a positive definite even lattice L is standard [FLM] . In particular, h = C ⊗ Z L is an abelian Lie algebra and we extend the bilinear form to h by C-linearity. The setĥ = h ⊗ C[t, t −1 ] ⊕ Ck is the corresponding affine algebra and Ck is the 1-dimensional
h, where α(n) = α ⊗ t n , is the unique irreducibleĥ-module such that α(n) · 1 = 0 for all α ∈ h, n nonnegative, and k = 1. Also, C{L} = Span{e β | β ∈ L} is the twisted group algebra of the additive group L such that e β e α = (−1)
2 · ½ where
For the explicit definition of the corresponding vertex operators, we shall refer to [FLM] for details.
Notation 2.1. Let L be an integral lattice. Its dual lattice L * is defined to be
Definition 2.2. Let X be a subset of a Euclidean space. Define t X to be the orthogonal transformation which is −1 on X and is 1 on
The property that 2M * ≤ M is called SSD (semiselfdual). It implies the RSSD property.
Remark 2.4. Let √ 2E 8 be the √ 2 times of the root lattice
Therefore, the lattice √ 2E 8 is an SSD and thus, for any sublattice E ∼ = √ 2E 8 ⊂ L, the map t E defines an involution on L. We call such an involution t E an SSD involution associated to E.
Definition 2.5. Let A and B be integral lattices with the inner products , A and , B , respectively. The tensor product of the lattice A and B is defined to be the integral lattice which is isomorphic to A ⊗ Z B as a Z-module and has the inner product given by
for any α, α ′ ∈ A, and β, β ′ ∈ B. We simply denote the tensor product of the lattices A and B by A ⊗ B.
The next lemma can be found in [GL, Lemma 3.2 and 6 .4] (cf. [GL1] ).
Lemma 2.6. Let L be a positive definite even lattice with no roots, i.e., , 0) is rational and it has exactly 3 irreducible
), and L(
) (cf. [DMZ, Mi] ).
Remark 2.10. Let V be a VOA and let e ∈ V be an Ising vector. Then we have the
where V e (h) denotes the sum of all irreducible Vir(e)-submodules of V isomorphic to
Theorem 2.11 ( [Mi] ). The linear map τ e : V → V defined by
),
is an automorphism of V .
On the fixed point subspace V τe = V e (0) ⊕ V e (1/2), the linear map σ e : V τe → V τe defined by
is an automorphism of V τe .
2.1.1. 2B and 3C algebras. Next we recall the properties of the 2B-algebra U 2B and the 3C-algebra U 3C from [LYY2] (see also [Sa] ).
Lemma 2.12 (cf. [LYY2] ). Let e and f be Ising vectors such that e, f = 0. Then the subVOA V OA(e, f ) generated by e and f is isomorphic to L(
, 0) is called the 2B-algebra and is denoted by U 2B .
The followings can also be found in [LYY2, Section 3.9] .
Lemma 2.13. Let U = U 3C be the 3C-algebra defined as in [LYY2] . Then
(1) U 1 = 0 and U is generated by its weight 2 subspace U 2 as a VOA.
(2) dim U 2 = 3 and it is spanned by 3 Ising vectors.
(3) There exist exactly 3 Ising vectors in U 2 , say, e 0 , e 1 , e 2 . Moreover, we have
, and e i , e j = 1 2 8
for i = j and {i, j, k} = {0, 1, 2}.
(4) The subgroup generated by τ e 0 , τ e 1 , and τ e 2 is isomorphic to the symmetry group S 3 and τ e i (e j ) = e k , where {i, j, k} = {0, 1, 2}.
(5) The Virasoro element of U is given by
(6) Let a = 32 33
(e 0 + e 1 + e 2 ) − e 0 . Then a is a simple Virasoro vector of central charge 21/22. Moreover, the subVOA generated by e 0 and a is isomorphic to
, 0).
The decomposition of U 3C as a sum of irreducible Vir(e 0 ) ⊗ Vir(a)-modules is also obtained.
Proposition 2.14 (Theorem 3.35 of [LYY2] ). As a module of L(
, 0),
Definition 2.15. Let V be a moonshine type VOA (i.e., V = ⊕ ∞ n=0 V n , dim V 0 = 1 and V 1 = 0) and let I ⊂ V be a set of Ising vectors. We say that I satisfies the (2B, 3C) condition if for any e, f ∈ I with e = f , the subVOA generated by e and f is either isomorphic to U 2B or U 3C .
Ising vectors in V +
L with L(2) = ∅. Next we review the construction of certain Ising vectors in the lattice type VOA V + L with L(2) = ∅ [DLMN] . There are two different types, which we call A 1 -type and E 8 -type.
A 1 -type Ising vectors. Let a ∈ L be a norm 4 vector. Then the elements
are Ising vectors (see [DLMN] or [DMZ] ).
Define
where ω E denotes the conformal element of the lattice VOA V E . Then e E is an Ising
Now let L be a positive definite even lattice and let
Clearly the map
is a surjective group homomorphism and ker ϕ = 2L
is also an Ising vector in V + E and we have 256(= 2 8 ) Ising vectors of this form.
The Ising vectors in the lattice type VOA V + L with L(2) = ∅ has been classified by Shimakura [Sh2] . They are either of A 1 or E 8 -type.
L is an Ising vector. Then either e = ω ± (α) for some α ∈ L with α, α = 4 or e = ϕ x (e E ) for some sublattice
for even lattice L with no roots. Next we recall some information about the automorphism group of the lattice type VOA V + L from [Sh] (see also [LS] ).
Let L be a positive definite even lattice and
The following theorem is well-known (cf. [FLM] ):
where
Let L be a positive definite even lattice without roots, i.e., the set
Proposition 2.19 (Proposition 4.12 of [LS] ). Let E ∼ = √ 2E 8 be a sublattice of L and e an Ising vector in V L of the form ϕ x (e E ). Then τ e ∈ C Aut V L (θ) and the image of τ e under the canonical epimorphism
is equal to t E , the SSD involution associated to E.
Weyl groups and VOA generated by Ising vectors
In this section, we shall construct a certain VOA generated by Ising vectors such that the subgroup generated by the corresponding Miyamoto involutions is isomorphic to the Weyl group of a root system of type A, D or E. The main idea is to consider a certain integral lattice which has many sublattices isometric to √ 2E 8 .
We use the standard model for the root lattices of type A n−1 and D n [CS] , namely,
where {ǫ 1 , . . . , ǫ n } is an orthonormal basis of R n .
The root lattice of type E 8 is then given by
Recall that the lattice VOA V E 8 is an irreducible level 1 highest weight representation of the affine Kac-Moody Lie algebra of type E
(1)
be the i-th copy of E 8 in X and let ι i : E 8 → X (i) ⊂ X be the natural injection.
For any i = j, we define
By a direct calculation, it is easy to verify that the Gram matrix
f is an isometry and A n−1 ∼ = A n−1 ⊗ E 8 . Similarly, we also have
The next two lemmas can also be proved by computing their Gram matrices.
Lemma 3.3. Let n = 8 and let
Then E 8 ∼ = E 8 ⊗ E 8 , which is an even unimodular lattice.
Lemma 3.4. Let
Next we fix a 2-cocycle on the rational lattice 1 2 X. Let {α 1 , . . . , α 8 } be a basis of the root lattice E 8 and set
Then {x 1 , . . . , x n } is a basis of
Notice that 4 x, y ∈ Z for x, y ∈ 1 2 E 8 . By [FLM, (5.2.14) ] and [LL, Remark 6.4 .12], we can define a bilinear 2-cocycle ε 0 :
1 2
We also extend the 2-cocycle ε 0 to (
In addition, we define ε :
Lemma 3.5. Let R be a root lattice of type A, D, or E. Using the identification of R⊗E 8
in Lemma 3.2 and Lemma 3.3, we have
for any α, β ∈ Φ(R) with α, β = ±1.
Proof. We continue to use the standard model for root lattices of type A, D, and E. For
Thus, by the identification in Lemma 3.2, we have
Hence, ε(α ⊗ γ, β ⊗ γ) = −1.
Notation 3.6. Let R be a root lattice. We use Φ(R) and Φ + (R) to denote the set of all roots and positive roots of R, respectively.
Notation 3.7. For any α ∈ Φ(R), set
We also define e(α) := e Mα = 1 16 ω Mα + 1 32
to be the standard Ising vector associated to M α . Note that M α = M −α and e(α) = e(−α).
Remark 3.8. Again using the identification in Lemmas 3.2 and 3.3, the 2-cocyle ε 0 defined in Equation (5) is trivial on M α for any root α ∈ Φ(R)
Lemma 3.9. For any α, β ∈ Φ + (R) with α = β, we have
Proof. Since α = β and α, β are roots, we have α, β = ±1 or 0.
by Lemma 2.6.
Lemma 3.10. Let α, β be roots of R. Then we have
Proof. Recall from [FLM, (8.9 .55)] that
for any norm 4 vectors a, b and for any g, h ∈ h.
Let {h 1 , . . . , h 8 } be an orthonormal basis of Q ⊗ M α and let h
} is an orthonormal basis of Q ⊗ M β and we have
In addition, ω Mα = 1 2
Thus,
Note that −2h i (−1)h
Lemma 3.11. For any α, β ∈ Φ + (R), we have
Proof. First we note that α, β = 0, ±1, or 2 for any α, β ∈ Φ + (R).
If α, β = 2, then α = β and e(α) = e(β). Thus, e(α), e(β) = 1/4.
If α, β = 0, then M α ⊥ M β and hence e(α), e(β) = 0.
If α, β = ±1, then M α ∩ M β = 0 and M α + M β ∼ = A 2 ⊗ E 8 . In this case, we have e(α), e(β) = 1 16
As in the proof Lemma 3.10, let {h 1 , . . . , h 8 } be an orthonormal basis of Q ⊗ M α and
Hence, e(α), e(β) = 1/2 8 as desired.
Corollary 3.12. Let α, β ∈ Φ + (R) with α = β. Then the subVOA generated by e(α) and e(β) is
Notation 3.13. From now on, we define W R to be the sub-VOA generated by I = I R = {e(α) | α ∈ Φ + (R)}. We also denote the subgroup generated by the Miyamoto involutions {τ e | e ∈ I} by G(R) or simply by G.
Remark 3.14. By definition, it is clear that e(α) ∈ V + R⊗E 8
for all α ∈ Φ + (R). Thus,
has zero weight one subspace. Hence W R is a moonshine type VOA. Note also that the set I = I R = {e(α) | α ∈ Φ + (R)} satisfies the (2B, 3C) condition by Corollary 3.12.
Groups generated by Miyamoto involutions. For any g ∈ O(R) and g
Therefore, we can view the central product
Notation 3.15. For α ∈ Φ(R), let r α ∈ W eyl(R) be the reflection associated to α, i.e., r α (β) = β − α, β α for β ∈ R.
Lemma 3.16. Let α ∈ Φ(R). Then the SSD involution t Mα acts as r α ⊗ 1 on R ⊗ E 8 .
Proof. Recall that t Mα acts as −1 on M α and acts as 1 on ann R⊗E 8 (M α ). Therefore,
for any γ ∈ E 8 and β ∈ R with α, β = 0. Hence
and we have t Mα = r α ⊗ 1 on R ⊗ E 8 .
Proposition 3.17. Letη :
Proof. Since t Mα = r α ⊗ 1 on R ⊗ E 8 and η(τ e(α) ) = t Mα , we have
Therefore, we haveη
as desired.
Lemma 3.18. For any α, β ∈ Φ(R), we have
Proof. It follows from Lemma 3.10 and Lemma 2.13 (4).
Theorem 3.19. Let G = G(R) be the subgroup generated by {τ e(α) |α ∈ Φ + (R)}. Then
as a subgroup of Aut (W R ).
Proof. By Lemma 3.18, G acts as a permutation group on {e(α) | α ∈ Φ + (R)}.
Let g ∈ kerη ∩ G. Then g(e(α)) = e(β) for some β ∈ Φ + (R).
Since g ∈ kerη, we also have g = ϕ v for some v ∈ R ⊗ E 8 by Theorem 2.17. Thus, e(β) = ϕ v (e(α)) and we must have e(β) = e(α). Therefore, g acts as an identity on W R since W R is generated by {e(α) | α ∈ Φ + (R)}. The desired conclusion now follows from Proposition 3.17.
Griess algebra and the central charge of W R
Next we study the Griess algebra and determine the central charge of W R .
Notation 4.1. Let A be a set. We use #(A) to denote the number of elements in A.
Lemma 4.2. Let G R be the Griess subalgebra of W R generated by {e(α) | α ∈ Φ + (R)}.
Proof. By Lemma 3.10, it is clear that span Z {e(α) | α ∈ Φ + (R)} is closed under the Griess algebra product. Therefore, we have
That {e(α) | α ∈ Φ + (R)} is linearly independent follows from the fact that M α ∩M β = 0 whenever α = ±β. Note also that e(α) = 1 16 ω Mα + 1 32
and {e x | x ∈ L} is a basis of the twisted group algebra C{L}.
Lemma 4.3. Let R be a simple root lattice of type A,D, or E. For α ∈ R, we define
Then m α = 2(h − 2), where h is the Coxeter number of R.
Proof. The lemma can be proved by case by case checking. First we note that
where ℓ is the rank of R. Moreover, α, β = 0, ±1, ±2 for any α, β ∈ Φ(R).
For R = A n−1 , h = n and P (α) is a root system of type A n−3 . Thus,
For R = D n , h = 2n − 2 and P (α) is of type A 1 + D n−2 . Thus, Lemma 4.4. Let h be the Coxeter number of R and let ℓ be the rank of R. Define
Then w R is a Virasoro vector of central charge (8ℓh)/(h + 30). Moreover, we have
for all α ∈ Φ + (R).
In particular, w R is the conformal element of W R .
Proof. By Lemma 2.13 (3), we have
,
e(α) = (h + 30) 16
and (w R ) 1 (w R ) = 2w R . Moreover,
Hence, the central charge of w is 8hℓ/(h + 30). In addition, we have
More about W A n−1
In this section, we shall give more details about the VOA W A n−1 . We use the same notation as in Section 3. In particular, X = E n 8 and
For simplicity, we denote
For R = A n−1 , the subgroup generated by Miyamoto involutions {τ e i,j | 1 ≤ i < j ≤ n} can be described more explicitly.
Then τ e M acts as a transposition on the two tensor copies of the lattice VOA V E 2
First we recall from [LS] (see also [GL] ) that τ e M acts on
) 1 ) as an SSD involution t M , i.e., it acts as −1 on C ⊗ Z M and acts as an identity on the orthogonal complement.
For any x, y ∈ E 8 , we have
Moreover, since ε 0 (x, − 1 2
x) ≡ − x, x ≡ −2 mod 8 for any root x ∈ E 8 , we have (−x,x) ).
Note that e (x,0) = e (−x,x) ) . 0,x) and τ e M (e (0,x) ) = e (x,0) .
Thus, we have
is generated by e (x,0) , e (0,x) , and h(−1) · ½, we have the desired conclusion.
Then by the same argument as in Lemma 5.1, we also have (y,x) .
As a corollary, we have the following.
i-th j-th i-th j-th
Corollary 5.4. Let G = G(A n−1 ) be the subgroup generated by {τ e i,j | 1 ≤ i < j ≤ n}.
Then G is isomorphic to the symmetric group S n of degree n.
Notation 5.5. For any root α ∈ E 8 , denote
Then {H α , E α | α ∈ E 8 is a root} generates a subVOA isomorphic to the affine VOA L E 8 (n, 0) in V X associated to the affine Kac Moody Lie algebra of type E
(1) 8
(see [DL, Proposition 13 .1] and [FZ] ).
Moreover,
By a direct calculation, we also have
Note that the central charge ofW = 8n − n(248) n+30
, which is the central charge of
Remark 5.7. We believe that the commutant VOAW is generated by its weight two subspace. If it is true, thenW = W A n−1 .
5.1. Group of the shape 3 k : S n . Next, we shall construct a VOA generated by Ising vectors such that the subgroup generated by the corresponding Miyamoto involutions has the shape 3 n−2 : S n if n = 0 mod 3 or 3 n−1 : S n if n = 0 mod 3. A special case when n = 3 has been discussed in [CL] .
We continue to use the notation in Section 3 and Lemma 5.6.
Definition 5.8. Let δ ∈ E 8 such that
Define an automorphism ρ i of V X by
Then ρ i has order 3 and the fixed point subspace (
j (e i,j ) for any i, j = 1, . . . , n and ℓ = 0, 1, 2.
Lemma 5.10. Let i, j, k, r, p, q ∈ {1, . . . , n} and ℓ, s = 0, 1, 2. Then
Proof. See 3C case of [LYY1] and Lemma 3.11.
Lemma 5.11. Let {i, j} ⊂ {1, . . . , n} and ℓ = 0, 1, 2. Then τ ρ ℓ i (e i,j ) τ e i,j = ρ
Proof. By Lemma 5.1 and Corollary 5.3, τ e i,j acts as the transposition (i, j) on the tensor
Since ρ i is trivial on M(1) and τ e i,j (M(1)) ⊂ M(1), we have
as an automorphism of
Lemma 5.12. The set I satisfies the (2B, 3C)-condition.
Proof. By Lemma 5.10, it suffices to show that V OA(e, f ) ∼ = U 3C if e, f = 1/2 8 . On the other hand, by Lemma 5.11, we know that τ ρ ℓ i (e i,j ) τ ρ s i (e i,j ) has order 3 or 1. Moreover,
for any i, j, ℓ.
Therefore,
Similarly, τ ρ ℓ i (e i,j ) τ ρ s i (e i,k ) also has order 3.
generates a subVOA isomorphic to L A 8 (n, 0), which is an irreducible level n representation ofŝl 9 (C).
Proposition 5.13. LetW := Com V X (L A 8 (n, 0)). Then I ⊂W. Moreover, the central charge ofW is 8n(n − 1)/(n + 9).
Proof. The proof is similar to Lemma 5.6. Since I ⊂ V A n−1 , it is clear that (H α ) n e = 0 for all n ≥ 0 and e ∈ I.
By Lemma 5.6, it is clear that (E α ) n e i,j = 0 for all n ≥ 0 and i, j ∈ {1, . . . , n}. It is also clear that (E α ) n ρ k i e i,j = 0 for any n ≥ 2 and k = 1, 2.
For any root α ∈ K, we have (E α ) 1 ρ Therefore, (E α ) n ρ k i e i,j = 0 for all n ≥ 0.
Proposition 5.14. The commutant subVOAW = Com V X (L A 8 (n, 0)) has zero weight one subspace.
Proof. The proof is similar to Theorem 5.4 of [CL] .
Since h(−1) · ½ ∈ L A 8 (n, 0) for all h ∈ d(E 8 ), the commutant subVOA Com V X (L A 8 (n, 0)) ⊂ V A n−1 .
Therefore, it suffices to showW ∩ (V A n−1 ) 1 = 0.
Since A n−1 has no roots, we have (V A n−1 ) 1 = span{h(−1) · ½ | h ∈ A n−1 }.
Suppose h(−1) · ½ ∈W. Then we have a i α, β i = 0 for all root α ∈ K. For a i = 0, we must have α, β i = 0 for all root α ∈ K. Thus β i , K = 0 and β i = 0 since K is a full rank sublattice of E 8 . Hence h = 0 as desired.
Proposition 5.15. Let G be the subgroup generated by {τ e | e ∈ I}. Then as an automorphism subgroup of W, G has the shape 3 n−2 :S n if n = 0 mod 3 and 3 n−1 :S n if n = 0 mod 3.
Proof. By Theorem 3.19 (see also Corollary 5.3), the subgroup generated by {τ e i,j | 1 ≤ i < j ≤ n} is isomorphic to S n . By Lemma 5.11, we have an elementary abelian 3-group H generated by ρ i ρ −1 j for i, j ∈ {1, . . . , n}. It is also straightforward to show by the same arguments as in Lemma 5.11 (see also Equation (6)) that G has the shape H : S n .
It remains to show that the order of H is if n = 0 mod 3.
Let h = ρ a 1 1 · · · ρ an n ∈ H. Then a 1 + · · · + a n = 0. Suppose h = id on V A n−1 . Then we have a i − a j = 0 mod 3 for all i, j. It implies 0 = a 1 + · · · + a n = na i mod 3.
That means n = 0 mod 3 or a 1 = · · · = a n = 0 mod 3. Therefore, |H| = 3 n−1 if n = 0 mod 3 and |H| = 3 n−2 if n = 0 mod 3.
The next proposition is essentially proved in [CL, Theorems 6.11 and 6 .12] with some minor modifications.
Proposition 5.16. The commutant VOAW = Com V X (L A 8 (n, 0)) is generated by I = {ρ ℓ i (e i,j ) | 1 ≤ i < j ≤ n, ℓ = 0, 1, 2}. In particular, W =W.
